Let A, B be fixed positive integers such that min{A, B} > 1, gcd(A, B) = 1 and AB ≡ 0 mod 2, and let n be a positive integer with n > 1. In this paper, using a deep result on the existence of primitive divisors of Lucas numbers due to Y. Bilu, G. Hanrot and P. M. Voutier [1], we prove that if A > 8B 3
Introduction
Let Z, N be the sets of all integers and positive integers, respectively. Let a, b be fixed positive integers such that min{a, b} > 1 and gcd(a, b) = 1, and let n be a positive integer with n > 1. Recently, P.-Z. Yuan and Q. Han [7] proposed the following conjecture: Conjecture 1.1. If min{a, b} ≥ 4, then the equation (an) x + (bn) y = ((a + b)n) z , x, y, z ∈ N (1.1)
has only the solution (x, y, z) = (1, 1, 1).
Since Conjecture 1.1 is much broader than Jeśmanowicz' conjecture concerning Pythagorean triples (see [3] ), it is unlikely to be solved in the short term. There are only a few scattered results on Conjecture 1.1 at present (see [5] ). In the same paper, P.-Z. Yuan and Q. Han [7] deal with the solutions (x, y, z) of (1.1) for the case that (a, b) = (A 2 , B 2 ), where A, B are fixed positive integers such that min{A, B} > 1, gcd(A, B) = 1 and AB ≡ 0 mod 2. Then (1.1) can be rewritten as
In this respect, they proved that if B ≡ 2 mod 4, then (1.2) has no solutions (x, y, z) with y > z > x, in particular, if B = 2, then Conjecture 1.1 is true for (a, b) = (A 2 , B 2 ).
In 2001, Y. Bilu, G. Hanrot and P. M. Voutier [1] completely solved the existence of primitive divisors of Lucas numbers. This result is usually called the BHV theorem. In this paper, using the BHV theorem, we prove the following result:
3 , then (1.2) has no solutions (x, y, z) with x > z > y.
By Theorem 1.1 and some results of [5] and [7] , we can deduce the following corollary: 
Preliminaries
Let α, β be algebraic integers. If α + β and αβ are nonzero coprime integers and α/β is not a root of unity, then (α, β) is called a Lucas pair. Further, let u = α + β and w = αβ. Then we have
where v = u 2 − 4w. We call (u, v) the parameters of the Lucas pair (α, β). Two Lucas pairs (α 1 , β 1 ) and (α 2 , β 2 ) are equivalent if α 1 /α 2 = β 1 /β 2 = ±1. Given a Lucas pair (α, β), one defines the corresponding sequence of Lucas numbers by
Obviously, if n > 0, then the Lucas numbers L n (α, β) are nonzero integers. For equivalent Lucas pairs (α 1 , β 1 ) and (
A Lucas pair (α, β) such that L n (α, β) has no primitive divisors will be called an n-defective Lucas pair. Further, a positive integer n is called totally non-defective if no Lucas pair is n-defective.
Lemma 2.1 (P. M. Voutier [6] ). Let n satisfy 4 < n ≤ 30 and n = 6. Then, up to equivalence, all parameters of n-defective Lucas pairs are given as follows:
Let D, k be fixed positive integers such that min{D, k} > 1 and gcd(2D, k) = 1, and let h(−4D) denote the class number of positive definite binary quadratic primitive forms of discriminant −4D.
Lemma 2.3. If the equation
has solutions (X, Y, Z), then every solution (X, Y, Z) of (2.3) can be expressed as
where
Proof. This lemma is a special case of Theorems 1 and 2 of [4] for D 1 = 1 and 
Lemma 2.5. If D > 2 and (X, Y, Z) is a solution of (2.3) with
Then we have
Since gcd(X 1 , Y 1 ) = gcd(2D, k) = 1, we see from (2.10) that α + β and αβ are coprime postive integers. Since k > 1, by (2.11), α/β is not a root of unity. Hence, by (2.9), (α, β) is a Lucas pair with parameters
t by (2.5), we get from (2.1), (2.5) and (2.9) that
Hence, we find from (2.2), (2.7), (2.12) and (2.13) that either t = 1 or t > 1 and L t (α, β) has no primitive divisors. Therefore, by Lemma 2.2, we have t ≤ 30. Further, since D > 2, applying Lemma 2.1 to (2.12), we get either t ≤ 6 (2.14)
by (2.6), if t satisfies (2.14), then Z satisfies (2.8) by (2.4). On the other hand, since h(−24) = 2 and h(−56) = 4, if t satisfies (2.15), then Z also satisfies (2.8). Thus, the lemma is proven.
Lemma 2.6 (C.-F. Sun and M. Tang [5] ). Let (x, y, z) be a solution of (1.1) with (x, y, z) = (1, 1, 1) . If min{a, b} ≥ 4, then either
Proof of Theorem and Corollary
Proof of Theorem 1.1. Let (x, y, z) be a solution of (1.2) with x > z > y. By Lemma 2.6, we have
and
Substituting (3.1) and (3.2) into (1.2), we get
is the square of a positive integer, we see from (3.3) that the equation
has the solution
with (2.7) holding. Since gcd(A, B) = 1, by (3.1) and (3.2), we have gcd(A, B 1 ) = gcd(A, n) = 1. Hence, we get
Further, since R(A 2x ) > 1 and R(n x−z ) > 1, by (3.6), we have have D > 2. Since gcd(A, B) = 1 and AB ≡ 0 mod 2, we have gcd(2D, A 2 + B 2 ) = 1. Therefore, applying Lemma 2.5 to (3.5), we get
Since r(n) = r(B 1 ) and
Further, by Lemma 2.4, we obtain from (3.8) that
On the other hand, since x > z, by (3.3), we have
Since log(1 + θ) < θ for any θ > 0, by (3.10), we get (x − z) log(A 2 n) < xB The combination of (3.7), (3.9) and (3.12) yields 24 π AB 1 log(2eAB 1 ) > 8AB log(A 2 n). (3.13)
But, since 24/π < 8, AB 1 ≤ AB and 2eAB 1 < 8AB 3 < A 2 < A 2 n, (3.13) is false. Thus, if A > 8B 3 , then (1.2) has no solutions (x, y, z) with x > z > y.
Proof of Corollary 1.1. Under the assumptions, by Theorem 1.1 and the result of [7] , (1.2) has no solutions with x > z > y nor with y > z > x. Therefore, by Lemma 2.6, (1.2) has no solutions (x, y, z) with (x, y, z) = (1, 1, 1) .
